ABSTRACT. We prove an exponential estimate for the asymptotics of Bergman kernels of a positive line bundle under hypotheses of bounded geometry. We give further Bergman kernel proofs of complex geometry results, such as separation of points, existence of local coordinates and holomorphic convexity by sections of positive line bundles.
INTRODUCTION
Let (X, ω) be symplectic manifold of real dimension 2n. Assume that there exists a Hermitian line bundle (L, h L ) over X endowed with a Hermitian connection ∇ L with the property that
2 is the curvature of (L, ∇ L ). Let (E, h E ) be a Hermitian vector bundle on X with Hermitian connection ∇ E and its curvature R E . Let J be an almost complex structure which is compatible with ω (i.e., ω is J-invariant and ω(·, J·) defines a metric on T X). Let g T X be a J-invariant Riemannian metric on X. Let d(x, y) be the Riemannian distance on (X, g T X ).
The spin
c Dirac operator D p acts on Ω 0,• (X, L p ⊗ E) = n q=0 Ω 0,q (X, L p ⊗ E), the direct sum of spaces of (0, q)-forms with values in L p ⊗ E. We refer to the orthogonal projection P p from L 2 (X, E p ), the space of L 2 -sections of E p := Λ
• (T * (0,1) X)⊗L p ⊗E, onto Ker(D p ) as the Bergman projection of D p . The Schwartz kernel P p (·, ·) of P p with respect to the Riemannian volume form dv X (x ′ ) of (X, g T X ) is called the Bergman kernel of D p .
Theorem 0.1. Suppose that (X, g T X ) is complete and R L , R E , J, g T X have bounded geometry (i.e., they and their derivatives of any order are uniformly bounded on X in the norm induced by g T X , h E , and the injectivity radius of (X, g T X ) is positive). Assume also that there exists ε > 0 such that on X,
Then there exist c > 0, p 0 > 0, which can be determined explicitly from the geometric data (cf. (2.17) ) such that for any k ∈ N, there exists C k > 0 such that for any p p 0 , x, x ′ ∈ X, we have The pointwise C k -seminorm |S(x, x ′ )| C k of a section S ∈ C ∞ (X ×X, E p ⊠E * p ) at a point (x, x ′ ) ∈ X × X is the sum of the norms induced by h L , h E and g T X of the derivatives up to order k of S with respect to the connection induced by ∇ L , ∇ E and the Levi-Civita connection ∇ T X evaluated at (x, x ′ ). Assume now X = C n with the standard trivial metric, E = C with trivial metric. Assume also L = C and h L = e −ϕ where ϕ : X → R is a smooth plurisubharmonic potential such that (0.2) holds. Then the estimate (0.3) with k = 0 was basically obtained by [4] for n = 1, [7] , [10] for n 1 (cf. also [1] ). In [6, Theorem 4.18] (cf. [15, Theorem 4.2.9] ), a refined version of (0.3), i.e., the asymptotic expansion of P p (x, x ′ ) for p → +∞ with the exponential estimate was obtained.
When (X, J, ω) is a compact Kähler manifold, E = C with trivial metric, g T X = ω(·, J·) and (0.1) holds, a better estimate than (0.3) with k = 0 and d(x, x ′ ) > δ > 0 was obtained in [5] .
Recently, Lu and Zelditch announced in [11, Theorem 2.1] the estimate (0.3) with k = 0 and d(x, x ′ ) > δ > 0 when (X, J, ω) is a complete Kähler manifold, E = C with trivial metric, g T X = ω(·, J·) and (0.1) holds. It is surprising that [11, Theorem 2.1] requires no other condition on the curvatures (cf. Remarks 3.2, 3.9).
Theorem 0.1 was known to the authors for several years, being an adaptation of [6, Theorem 4.18] . The recent papers [5, 11] motivated us to publish our proof.
The next result describes the relation between the Bergman kernel on a Galois covering of a compact symplectic manifold and the Bergman kernel on the base. 
The formula (0.4) in the compact Kähler situation and for E = C also appeared in [11] by a different method.
We refer to [13, 17] for further applications of the off-diagonal expansion of the Bergman kernel to the Berezin-Toeplitz quantization.
This paper is organized as follows: In Section 1, we explain the spectral gap property of Dirac operators and the elliptic estimate. In Section 2, we establish Theorems 0.1, 0.2. In Section 3, we show what the result becomes in the complex case. We give some applications of Theorem 0.1 and of the diagonal expansion of the Bergman kernel.
DIRAC OPERATOR AND ELLIPTIC ESTIMATES
The almost complex structure J induces a splitting T X ⊗ R C = T (1,0) X ⊕T (0,1) X, where T (1,0) X and T (0,1) X are the eigenbundles of J corresponding to the eigenvalues √ −1 and − √ −1 respectively. Let T * (1,0) X and T * (0,1) X be the corresponding dual bundles. For any v ∈ T X with decomposition
, where ∧ and i denote the exterior and interior product respectively. We denote
Along the fibers of E p , we consider the pointwise Hermitian product ·, · induced by g T X , h L and h E . Let dv X be the Riemannian volume form of (T X, g T X ). The L 2 -Hermitian product on the space Ω 0,• 0 (X, L p ⊗ E) of smooth compactly supported sections of E p is given by
We denote the corresponding norm with · L 2 and with
p ⊗ E) with respect to this norm, and
Let ∇ T X be the Levi-Civita connection of the metric g T X , and let ∇ det 1 be the connection on det(
We denote by Spec(B) the spectrum of an operator B.
with {e i } i an orthonormal basis of T X.
Note that D p is a formally self-adjoint, first order elliptic differential operator. Since we are working on a complete manifold (X, g T X ), D p is essentially self-adjoint. This follows e. g., from an easy modification of the Andreotti-Vesentini lemma [ 
is complete and ∇ T X J, R T X and R E are uniformly bounded on (X, g T X ), and (0.2) holds, then there exists C L > 0 such that for any p ∈ N, and any
From now on, we assume that (X, g T X ) is complete and R L , R E , J, g T X have bounded geometry.
The following elliptic estimate will be applied to get the kernel estimates.
Lemma 1.3. Given a sequence of smooth forms
Then for any k ∈ N, there exists C k > 0 such that for any p ∈ N * and x ∈ X the pointwise C k -seminorm satisfies
Proof. Let inj X be the injectivity radius of (X, g T X ), and let ε ∈ ]0, inj X [ . We denote by B X (x, ε) and B TxX (0, ε) the open balls in X and T x X with center x ∈ X and radius ε, respectively. The exponential map
. From now on, we identify B TxX (0, ε) with B X (x, ε) for ε < inj X . For x 0 ∈ X, we work in the normal coordinates on
• be the corresponding connection forms of ∇ E , ∇ L and ∇ Cliff with respect to any fixed frame for E, L, Λ(T * (0,1) X) which is parallel along the curve [0, 1] ∋ u → uZ under the trivialization on B Tx 0 X (0, ε). Let { e i } i be an orthonormal frame on T X. On B Tx 0 X (0, ε), we have
(1.11)
Let f : R → [0, 1] be a smooth even function such that
Then by (1.11) and (1.13), we have
(1.14)
. . is uniformly bounded on B Tx 0 X (0, ε), with respect to
. Thus (1.7), (1.9) and (1.14)
(1.15)
Now by (1.9), (1.10) and (1.11), we get
. By the Sobolev embedding theorem (cf. [15, Theorem A.1.6]), (1.15), (1.16) and our assumption on bounded geometry, we obtain that for any k ∈ N, there exists C k > 0 such that for any x 0 ∈ X, p ∈ N * , we have
Going back to the original coordinates (before rescaling), we get
The proof of Lemma 1.3 is completed.
2. PROOFS OF THEOREMS 0.1 AND 0.2
and by Lemma 1.2, that for u u 0 , p 2C L /µ 0 , we have
From Lemma 1.3, (2.3) and (2.4), for any u 0 > 0, m ∈ N, there exists C
To obtain (2.1) and (2.2) in general, we proceed as in the proof of [6, Theorem 4.11] and [3, Theorem 11.14] (cf. [15, Theorem 4.2.5] ). For h > 1 and f from (1.12), put
By (2.7), we infer
Using finite propagation speed of solutions of hyperbolic equations [15, Theorem D.2.1], and (2.7), we find that
, and
Thus from (2.8) and (2.9), we get for x, x ′ ∈ X,
Using Lemma 1.3 and (2.11) we find that for
By (2.5), (2.10) and (2.13), we infer (2.1). By (2.6), (2.10) and (2.13), we infer (2.2). The proof of Theorem 2.1 is completed.
Proof of Theorem 0.1. Analogue to [6, (4 
Note that
By (2.2), (2.14) and (2.15), there exists C > 0 such that for Proof of Theorem 0.2. It is standard that for any p ∈ N * , u > 0, and x, y ∈ X,
Let us denote for r > 0 by N(r) = # B X (x, r) ∩ Γy. Let K > 0 be such that the sectional curvature of (X, g T X ) is −K 2 . By [18] , there exists C > 0 such that for any r > 0, x, y ∈ X, we have N(r) Ce 
Moreover, (0.4) and (2.20) show that γ∈Γ P p (γx, y) is absolutely convergent for any p > p 1 . From Theorem 2.1, (2.14) for D p , (2.19) and (2.21), we get
Now from (2.14) for D p and (2.22), we obtain (0.4).
THE HOLOMORPHIC CASE
We discuss now the particular case of a complex manifold, cf. the situation of [15, §6.1.1]. Let (X, J) be a complex manifold with complex structure J and complex dimension n. Let g T X be a Riemannian metric on T X compatible with J, and let Θ = g T X (J·, ·) be the (1, 1)-form associated to g T X and J. We call (X, J, g T X ) or (X, J, Θ) a Hermitian manifold. A Hermitian manifold (X, J, g T X ) is called complete if g T X is complete. Moreover let (L, h L ), (E, h E ) be holomorphic Hermitian vector bundles on X and rank(L) = 1.
Consider the holomorphic Hermitian
. This section is organized as follows. In Section 3.1, we explain Theorem 0.1 in the holomorphic case. In Section 3.2, we give some Bergman kernel proofs of some known results about separation of points, existence of local coordinates and holomorphic convexity. The usual proofs use the L 2 estimates for the ∂-equation introduced by AndreottiVesentini and Hörmander. For plenty of informations about holomorphic convexity of coverings (Shafarevich conjecture) and its role in algebraic geometry see [12] . 
, with respect to the Riemannian volume form dv X (x ′ ) associated to (X, g T X ). 
Proof. Let ∂ L p ⊗E, * be the formal adjoint of the Dolbeault operator ∂ L p ⊗E with respect to the Hermitian product (
Using the assumption of the bounded geometry, we have by [15, (6.1.8)] for p large enough,
Observe that D p is a modified Dirac operator as in Remark 2.2 with A = Thus under the assumption of the bounded geometry, Theorem 0.1 still holds for the kernel P p (x, x ′ ) in this context.
Remark 3.2.
Let (X, J, g T X ) be a complete Hermitian manifold. We assume now that
Then (X, J, ω) is a complete Kähler manifold, g T X = ω(·, J·) and (0.1) holds. To get the spectral gap property (Lemma 1.2), or even the Hörmander L 2 -estimates, as in [15, Theorem 6.1.1], we need to suppose that there exists C > 0 such that on X,
with R det the curvature of the holomorphic Hermitian connection ∇ det on K * X = det(T (1,0) X).
3.2.
Holomorphic convexity of manifolds with bounded geometry. We will identify the 2-form R L with the Hermitian matrixṘ
Analogous to the result of Theorem 0.1 about the uniform off-diagonal decay of the Bergman kernel, a straightforward adaptation of the technique used in this paper yields the uniform diagonal expansion for manifolds and bundles with bounded geometry (cf. [ 
such that for any k, ℓ ∈ N, there exists C k,ℓ > 0 such that for any p ∈ N * ,
Moreover, the expansion is uniform in the following sense: for any fixed k, ℓ ∈ N, assume that the derivatives of g T X , h L , h E with order 2n + 2k + ℓ + 6 run over a set bounded in the C ℓ -norm taken with respect to the parameter x ∈ X and, moreover, g T X runs over a set bounded below, then the constant C k, ℓ is independent of g T X ; and the C ℓ -norm in (3.7) includes also the derivatives with respect to the parameters.
We will actually make use in the following only of the case ℓ = 0 from Theorem 3.3. 
Proof. By Theorem 3.3,
is bounded below by a positive constant. Hence (3.8) implies that there exists p 0 ∈ N such that for all p p 0 and all x ∈ X the endomorphism P p (x, x) ∈ End(E x ) is invertible. In particular, for any
We can apply Theorem 3.4 to the following situation. Let h p be a Hermitian metric on L p . Let π : X → X be a Galois covering and consider 
is complete and R L , R E , J, g T X have bounded geometry. Thus the conclusion follows immediately from Theorem 3.4 for metrics h p of the form (h L ) p , where h L is a positively curved metric on L. That p 0 is independent of the covering π : X → X follows from the dependency conditions of p 0 in Theorem 3.4. Observe finally that the L 2 condition is independent of the Hermitian metric h p , h E chosen on L p , E over the compact manifold X.
Note that instead of using Theorem 3.4 we could have also concluded by using [15, Theorem 6.1.4]. The latter shows that, roughly speaking, the asymptotics of the Bergman kernel on the base manifold and on the covering are the same. Note also that by Theorem 
This was used in [21] and [15, §6.4 ] to obtain weak Lefschetz theorems, extending results from [20] .
The following definition was introduced in [19, Definition 4.1] for line bundles.
Definition 3.6. Suppose X is a complex manifold, (F, h F ) → X is a Hermitian holomorphic vector bundle. The manifold X is called holomorphically convex with respect to (F, h F ) if, for every infinite subset S without limit points in X, there is a holomorphic section S of F on X such that |S| h F is unbounded on S. The manifold X is called holomorphically convex if it is holomorphically convex with respect to the trivial line bundle.
Since it suffices to consider any infinite subset of S, in order to prove the holomorphic convexity we may assume that S is actually equal to a sequence of points {x i } i∈N without limit points in X.
T X have bounded geometry and (0.2) holds. Then there exists p 0 ∈ N such that for all p p 0 , X is holomorphically convex with respect to the bundle L p ⊗ E.
Proof. If X is compact the assertion is trivial. We assume in the sequel that X is noncompact. We use the following lemma.
Lemma 3.8. There exists p 0 ∈ N such that for all p p 0 , for any compact set K ⊂ X and any ε, M > 0 there exists a compact set K(ε, M) ⊂ X with the property that for any
Proof. Let p 0 ∈ N be as in the conclusion of Theorem 3.4. For any x ∈ X, w ∈ L p x ⊗ E x , consider the peak section
Since P p (x, x) is invertible, we can find for any given v ∈ L p x ⊗ E x a peak section S x,v as in (3.12) 
has exponential decay outside the ball B(x, r), uniformly in x ∈ X. We can now choose δ > 0, such that for any x ∈ X with d(x, K) > δ we have |S x,v(x) (y)| ε for y ∈ K. We set finally
The proof of Lemma 3.8 is completed.
In order to finish the proof of Theorem 3.7, let us choose an exhaustion {K i } i∈N of X with compact sets, i. e., K i ⊂K i+1 and X = i∈N K i . Consider a sequence {x i } i∈N in X without limit points. Using Lemma 3.8 we construct inductively a sequence of holomorphic sections {S i } i∈N and a subsequence {ν(i)} i∈N of N such that
where ν(i) is the smallest index j such that
. Then S = i∈N S i converges uniformly on any compact set of X, hence defines a holomorphic section of L p ⊗ E on X, and satisfies |S(x ν(i) )| → ∞ as i → ∞. (b) In the conditions of Theorem 3.7 there exists p 0 ∈ N such that for all p p 0 we have:
p ⊗ E) separate points of X, i. e., for any x, y ∈ X, x = y, there exists
gives local coordinates on X, i. e., for any x ∈ X there exist S 0 ,
p ⊗ E) such that S 0 (x) = 0 and S 1 /S 0 , . . . , S n /S 0 form a set of holomorphic coordinates around x.
The items (i) and (ii) follow from the L 2 estimates for ∂ for singular metrics by using similar arguments as in [8] , [19] . We show next how they follow also from the asymptotics of the Bergman kernel. Proposition 3.10. Let (X, J, g T X ) be a complete Kähler manifold. Assume also that there exist ε, C > 0 such that on X,
Then for any compact set K ⊂ X there exists p 0 = p 0 (K) ∈ N such that for all p p 0 , the sections of H 
The generalized Poincaré metric on X \ {x} = X \ D is defined by the Hermitian form (3.17)
where σ is a holomorphic section of the associated holomorphic line bundle O(D) which vanish to first order on D, and σ is the norm for a smooth Hermitian metric · on O(D) such that σ < 
where ψ is a singular weight which vanishes outside a neighbourhood of x and ψ(z) = 2n log |z−x| in local coordinates near x. We can apply [15, Theorem 6.
) and E, since condition (3.15) are satisfied for this data. Let y ∈ X, y = x. Due to the asymptotics of the Bergman kernel on X \ {x}, there exists p 0 (x, y) such that for all p p 0 (x, y) there is a section
) with S Proof. We apply Theorem 3.7 for the trivial line bundle L = X × C endowed with the metric h L defined by |1| Thus X is holomorphically convex with respect to (L, e −2pϕ ) for p sufficiently large. Since ϕ is bounded below this implies that X is holomorphically convex with respect to the trivial line bundle endowed with the trivial metric. Moreover, Remark 3.9 (b), or Proposition 3.10, shows that global holomorphic functions on X separate points and give local coordinates on X. Hence X is Stein. Proof. The conclusion follows immediately from Theorem 3.7 for metrics h p of the form (h L ) p , where h L is a positively curved metric on L. Observe finally that the convexity is independent of the Hermitian metrics h p , h E chosen on L p , E over the compact manifold X.
Remark 3.14. We can prove Corollary 3.13 also without the use of the off-diagonal decay of the Bergman kernel. What is actually needed is only Corollary 3.5 which uses only the diagonal expansion of the Bergman kernel. In order to carry out the proof we show that Lemma 3.8 follows from Corollary 3.5. By this Corollary, for any x ∈ X there exists
, there exists a compact set A(S x , ε) ⊂ X such that |S x | ε on X \ A(S x , ε). Consider now x ∈ X \ K(ε, M). Then there is γ ∈ Γ such that γ −1 x ∈ F . It follows that K ∩ γF (ε, M) = ∅ so there is S i such that |γS i (x)| M and |γS i | ε on K.
